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Horse
race

Payoffs

Horse number 1 2 3
Winprobability .4 3 .2
Odds 2 3 5
Winner

1 2 3 4

1 | 2b 0 0 0

Bet 2 0 3b 0 0

3 0 0 5b 0

4 0 0 0 10b




Horse
race

Payoffs

Horse number 1 2 3 4
Winprobability |4 3 2 .1
Odds 2 3 5 10

Rb) == 4-2b+.3-3b+.2-5b+.1-10b
== p,ob,+pob,+..+pob

n n n
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Degenerate Gambling

Rate of return:

__ Capital attimei +1

~ Capital at time |
L ong-run behavior:

E[Ry Ry -Rs -+ Ry]
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Degenerate Gambling

Rate of return:

__ Capital attimei +1

~ Capital at time |

L ong-run behavior:

E[Ry-Ry Ry Ry}
O with probability 1
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Optimal reinvestment

Daniel Bernoulli John Larry Kelly, Jr.
(1700-17/82) (1923 — 1965)



Optimal reinvestment

The doubling rate:

Capital at timei + 1
== log R == log

Capital at time |

So 2V =R.

L ong-run behaviour?



Optimal reinvestment

The doubling rate:

== logR == pjlog(b; 0;)

SoW == ipjlog(oj) — ipjlog|:—

So that...?



Optimal reinvestment

Geometric expectation
E[W] = plogbo

IS maximized by propor-tional
gambling (b* = p).

Arithmetic expectation
E[R] = pbo

IS maximized by degenerate
gambling




Optimal reinvestment




Horse HOrse number 1 2 3 4
race Winprobability |4 3 2 .1
Odds 2 3 5 10

Payoffs WD) == .4log(2b)+ .31og(3b) +

.2 log(5b)+ .1 1og(10b)



Horse number 1 2 3 4
Winprobability |4 3 2 .1
Odds 2 3 5 10

Horse
race

Payoffs W(b*) == .4log(2 - .4)+ .3log(3-.3) +
2log(5-.2)+.11og(10 - .1)



Arithmetic mean
%(X1+X2+X3+ .ot X))

Geometric mean
(Xp - Xo - X - - Xp)¥n

For example,
(1/2)(2+8) =5
(2-8)Y2=4



The geometric mean

(Xy - Xz - Kg - - X))
Is also equal to
(2Iog X1+ log Xo+ log X3+ ...+ log Xn)]Jn

which is equal to
(21/n(|og X1+ log Xo + log X3 + ...+ log Xn))

so for an ergodic process X...
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